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Recap

Let (X,90t) be a measurable space throughout.



Recap

Let (X,90t) be a measurable space throughout.

So far:

Theorem 1 (Radon-Nikodym | [1, pp. 56-59])

Let p,v: M — [0, 00] be two measures with y o-finite and v < p. Then
there is a measurable u: X — [0, co] with

v(-) = /udp, (1)

which is unique up to a set of ji-measure zero.
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Let (X,90t) be a measurable space throughout.

So far:

Theorem 1 (Radon-Nikodym | [1, pp. 56-59])

Let p,v: M — [0, 00] be two measures with y o-finite and v < p. Then
there is a measurable u: X — [0, co] with

()= [ ueln (1)
which is unique up to a set of ji-measure zero.

Today: More decomposition theorems.



Recap Il
Definition 2 ([1, p. 55])

Let pu,v: M — [0, 00] be two measures.

(i) v is said to be absolutely continuous wrt. p, v < p, if for any E € 9N,
w(E)=0—v(E)=0.

(i) p,v are said to be mutually singular, v L u, if there are disjoint
X, Xy € M with X=X, UX, and pu(E) = p(EN X,), as well as v(E) =
v(EN X,) for any E € M.

(iii) v issaid to be diffuse wrt. , if for any E € M, u(E) < co — v(E) = 0.
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Auxiliary Functions |

Definition 3 _
Let p,v: O — [0, 00] be two measures. We define the following three set

functions:
u: X — [0, o] measurable/\/ udp < V(EYVIM 3 E C E}
El
(2

vs: M — [0, 00], E— max{v(E') | M > E C E, u(E') =0} 3)
vg: M — [0, 00], E— max{v(E') | M > E CE,u(E’)=ocoVM € E' C E,v(E") >0}

Vac: MM — [0, 00], E— max{/ud,u,
E

(4)



Auxiliary Functions [l

Lemma 4
The following statements hold.

(i) Vac, Vs and v4 are well-defined and measures.
(i) Vae < p.
(iii) If vs is o-finite, then there exists some Xs € M, s.t.

w(Xs) = 0 =wy(Xs) and vs(E) = v(EN X)

for all E € M. Also, vs 1 v and vs | vy.
(iv) vyq is diffuse wrt. p.



Auxiliary Functions [l

Lemma 4
The following statements hold.

(i) Vac, Vs and v4 are well-defined and measures.
(ii) Vac < pu.

(iii) If vs is o-finite, then there exists some Xs € M, s.t.
w(Xs) = 0 =wy(Xs) and vs(E) = v(EN X) (5)
for all E € M. Also, vs 1 v and vs | vy.

(iv) vyq is diffuse wrt. p.

Lemma 5 ([1, pp. 13-14])

Let 2 M — [0, 00] be a measure, M C M be closed under finite unions
and ) € M. Then

v: M — [0,00], E— max{pw(ENF) | Fe N} (6)

is well-defined and a measure.



Lebesgue Decomposition

Theorem 6 (Lebesgue Decomposition Theorem)
Let p,v: MM — [0,00] be two measures and y o-finite.
(i) Then

V = Vg + Vs.

(ii) If v is o-finite, then vs L p and the decomposition is unique.



Lebesgue Decomposition

Theorem 6 (Lebesgue Decomposition Theorem)

Let p,v: MM — [0,00] be two measures and y o-finite.

(i) Then
V = Vg + Vs.

(ii) If v is o-finite, then vs L p and the decomposition is unique.

Lemma 7 ([1, p. 56, 64])

Let p,v: M — [0, 00] be measures with p o-finite and v < p. Then
V= Vs



De Giorgis Theorem

~» Lebesgue for non-o-finite .



De Giorgis Theorem

~» Lebesgue for non-o-finite .

Theorem 8 (De Giorgis Theorem)

Let p,v: M — [0, 00] be two measures. Then

V = Ve + Vs + Vgq.



De Giorgis Theorem: Proof Strategy |
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De Giorgis Theorem: Proof Strategy Il

Ea(-, vy =0




Signed Measures

Definition 9
A function A\: 9 — [—o0, o0] is called a signed measure, if:

() M@ =0
(i) {—o0,00} Nim(A)] <1

(iii) For any mutually disjoint family {E, C 9M},en.,, we have
A (Uiil E,) = Z;.il A(En).



Signed Measures

Definition 9
A function A\: 9 — [—o0, o0] is called a signed measure, if:

() M@ =0
(i) {—o0,00} Nim(A)] <1

(iii) For any mutually disjoint family {E, C 9M},en.,, we have
A (U;.il E,) = Z;.il A(En).

Lemma 10
A set function \: I — [—o0, 00| is a signed measure, iff it satisfies the
following:
(i) {—o0,00} Nim(N\)| <1
(i) A(EU F) = A(E) + \(F) for disjoint E, F € 0.
(iii) For any increasing sequence {E, C 9} nen.,, we have A (U2, En) =
limMp_so0 A(Ep).-



Positive Sets

Definition 11
A set E € M is called positive, if A(F) > 0, and resp. negative, if
A(F) <0, forall M> FCE



Positive Sets

Definition 11
A set E € M is called positive, if A(F) > 0, and resp. negative, if
A(F) <0, forall M> FCE

Lemma 12
Let E € MM with A\(E) € (0,00). Then there exists a positive M > F C E.



Hahn Decomposition

Theorem 13 (Hahn Decomposition Theorem)

Any measurable space (X,9) can be decomposed as X = XT U X~,
where XT C X is positive and X~ C X is negative.
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Jordan Decomposition

Theorem 14 (Jordan Decomposition Theorem)

There exists a unique pair (AT, A7) of measures with A\ 1. \~, one
being finite and A = AT — \~.



Jordan Decomposition

Theorem 14 (Jordan Decomposition Theorem)

There exists a unique pair (AT, A7) of measures with A\ 1. \~, one
being finite and A = AT — \~.

~> Lebesgue integral definition.



Signed Lebesgue Decomposition

,,Culmination Theorem*.

Theorem 15 (Signed Lebesgue Decomposition Theorem)

Let A\: M — [—o0, 0] be a signed measure and 11: 9 — [0, 00] be a
o-finite measure.

(i) There are signed measures \,c, As: X — [—00,00] and a measurable
function u: X — [—o0, 0c] with

A= dac+ A, (9)

Aac < 1 and
M) = [udl (10)

(ii) If X is o-finite, then \s L p and the decomposition is unique.



Summary

Decomposition Summary
Hewitt-Yosida [1, pp. 8-9] = pp+ fhe
Atomic [1, pp. 13-16] W= p1+ po

Lebesgue
De Giorgi
Hahn
Jordan
Signed Lebesgue

V = Vs + Vs
V="V + Vs+ g

X=XtUXx"-
A=AT = A~
A=A+ As
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