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The following notes are based on [1]. Let X = {x1, ..., xn} be a set of variables and F = {f1, ..., fr} ⊆ F2[X]
be a set of Boolean multivariate polynomials with n, r ∈ N≥1. We assume all polynomials have no redundant
terms and omit the explicit indexing in the following. Denote by VF (F) =

∩r
i=1 fi|FF−1(0) the variety of F

over a field F , where fi|FF : F → F is the polynomial function over F associated with fi and ti ∈ N≥1 the
number of (monomial) summands in fi for each i.

The overall goal is to solve F over F2 by solving it over C. In general, VF2
(F) ̸= VC(F). For instance, for

the system F = {x1x2}, we have VF2(F) = {(0, 0), (0, 1), (1, 0)} ̸= C× {0} ∪ {0} × C = VC(F).

The first step is to restrict the variables in the solution to F2. Thus, consider the system F ∪ {x2
i − xi}i.

Over C, the added polynomials suffice x2
i − xi = xi(xi − 1) for each i, so the solution has to restrict the

variables to 0 or 1.

However, this is not sufficient. Consider the system F = x2
1 +x1x2. We have VF2(F) = {(0, 0), (0, 1), (1, 1)},

but VC(F ∪ {x2
1 − x1, x

2
2 − x2}) = {(0, 0), (0, 1)}. So we adjust the general system by introducing

C(fi) :=

⌊ti/2⌋∏
k=fi|

F2
F2

(0)

(fi − 2k)(1)

for each i and letting
C(F) := {C(fi)}i.(2)

Lemma 1 ([1, p. 23]). We have VF2(F) = VC(C(F)).

Proof. (⊆) Let fi =
∑ti

k=1 mik with monomials mik ∈ F2[X], i be arbitrarily chosen, and a ∈ VF2
(F). Thus

fi|CC(a) ∈ [fi|F2

F2
(0), ti]N ∩ 2N, implying C(fi)(a) = 0.

(⊇) On the other hand, let i be arbitrary and a ∈ VC(C(F)). Then fi|CC(a) = 2k for a k ∈ [fi|F2

F2
(0), ⌊ti/2⌋]N,

so a ∈ VF2
(F). ■
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